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What are LAs?

Linear Algorithms

f (x) = w1x1 + w2x2 + · · ·+ wdxd + b. (1)

To be clear,
f (x) = wTx + b, (2)

where w = (w1;w2; . . . ;wd), x = (x1;x2; . . . ;xd).

Tasks
• classification
• regression



General Processes

• Set hypothesis
e.g. y = x1 + 2x2

• Define cost function
e.g. RMSE, MSE
Accurate, Recall

• Find the optimal solution
e.g. gradient descent (GD)⇒Large dataset?
stochastic gradient descent (SGD)⇒optimal?
batch gradient descent⇒reasonable?

• Evaluate and model selection: cross validation +
regularization

hold-out⇒accidental error?
leave-one-out⇒large dataset?
k-fold⇒reasonable?



Symbols and Notation

• J : cost function/control function
• f (x): the hypothesis, a function of x with

parameters w, where w is a scalar or a vector.
• b: intercept (scalar)
• x: feature, which is a vector or a scalar
• X: collection of features.
• y: label, which is a vector or a scalar
• ε: Gaussian noise, aka follows a Guassian

distribution with zero mean and variance σ2

• η: learning rate



Perceptron-1

Idea: Minimize the number of misclassified samples.

J
(
w, b

)
= −

∑
xi∈X

yi
(
wTxi + b

)
. (3)

Solve: SGD
1. Initialize w, b.
2. Repeat until no misclassified samples{

a. Choose
(
xi, yi

)
randomly,

b. If yi
(
wTxi + b

)
≤ 0:

w← w + ηyixi,
b← b+ ηyi.

(4)

}



Perceptron-2

The number of misclassified samples in each iteration.



Logistic Regression

Idea: Log MLE

J
(
w
)
= −

m∑
i=1

yi ln f
(
xi

)
+

(
1− yi

)
ln

(
1− f

(
xi

))
. (5)

Solve: GD
1. Initialize w, b.
2. Repeat until convergence{

w← w− η 1
m

m∑
i=1

(
f
(
xi

)
− yi

)
xi,

b← b− η 1
m

m∑
i=1

(
f
(
xi

)
− yi

)
.

(6)

}



SVM-1

Idea: Maximize the geometry distance between hyperplanes

min
w,b

1
2 ∥w∥

2 ,

s.t. yi
(
wxi + b

)
− 1 ≥ 0, i = 1, 2, · · · ,m;

(7)

to be simpler,

min
α

1
2

m∑
i,j=1

αiαjyiyjxT
i xj −

m∑
i=1

αi,

s.t.
m∑
i=1

αiyi = 0,

αi ≥ 0, i = 1, 2, · · · ,m.

(8)



SVM-2

Hyperplane and support vector



SVM-3: See equations (p125-p131) in Book by Hang Li.

SMO algorithm



Ordinary Least Square

Idea: Minimize MSE

J (w) =
1

2

m∑
i=1

(f (xi)− yi)
2. (9)

Solve: GD

Repeat until convergence{

wj = wj + η

m∑
i=1

(yi − f (xi)) . (10)

}



Bayes Regression

Idea: MAP

log p (y|X) = −1

2
yTK−1y − 1

2
log |K| − m

2
log 2π, (11)

where K is the covariance matrix of training data X.
For more details, read ”GPR for ML” by Carl Edward Ras-
mussen (p8-p22).

Solve
Repeat until convergence or out of the iteration limitations.



Classification and Regression

cost function
• Regression: RMSE, MSE etc.
• Classification: the number of misclassified samples,

recall, likelihood etc.

General
Derivative



Determined and Stochastic

• Determined:
• Geometry: SVM
• The number of misclassified samples: Pereptron
• Euclidean distance: OLS

• Stochastic:
• Frequency: Logsitc, OLS(↔ MLE if data follow

unbiased Gaussian distribution)?
• Bayesian: Bayesian regression.

Relation
Bayesian regression ↔ OLS + random noise
prior ↔ regularization
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